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' In this work we study some problems related with algebraic hypersurfaces 

, invariant by foliations on weighted projective spaces Pc(cc7o, . . . , t*7„) generalizing 

some results known for PJi, as for example: the number of singularities, with 
multiplicities, contained in the invariant quasi-smooth hypersurfaces ; Poincare 
problem on weighted projective plane. Also, we show that there exist numbers 
1/^ ' M{d),N{k) £ N, such that if a foliation JT of degree d has a hipersurface invariant 

^ I of degree k > M{d), then is either possesses a rational integral first or the 

^— ^ . number of JT- invariants hypersurfaces of degree k is at most N{k). 

1 Introduction 

, In the end of the nineteenth century Darboux |Da| . Poincare Painleve [Pa| and 

' Autonne |Auj had given beginning to the study of the problem of deciding whether 

a holomorphic foliation T on is algebraically integrable, i.e, if T admit a rational 
first integral. In [Da' Darboux showed that if a foliation on has enough algebraic 
, solutions then it must have a first integral. Some years later Jouanolou in improved 

' this theory to obtain rational first integrals for foliations on P^.. More precisely, He 

proved that if J- admit 

djd+l) , , 
2 + 

invariants algebraic curves then admit a rational first integral. Using the same 
arguments it is possible to show that, in general for the weighted projective plane, we 
have: if is a foliation on P(-n7o, nji, 1372) of degree d which admits 

dimcH°{P{zuo,wi,vJ2),^{d)) + 2 

invariants algebraic curves, then J- admit a rational first integral. 

The Darboux-Jouanolou theory of integrability provides a link between the alge- 
braic integrability foliations on ¥q and the number of invariant algebraic hypersurfaces 
that they have. In this direction, J. V. Pereira in |Pe| approached this subject using 
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the concept of extatic curve of a foliation on with respect to the a hnear system. 
He got the foUowing resuh: 

Theorem. Let T he a foliation on P^, of degree d > 2, that does not admit 
rational first integral of degree < k. Then J- has at most 

invariant curves of degree k. 

Using the extatic hypersurface we get the following result. 

Theorem 1.1. Let T be a one- dimensional foliation on P(t37o, . . . , tUn), of degree 
d>2, and.yy{k) the number of hypersurf aces of degree k invariants by T . Ifk > d—1, 
then is either J- possesses a rational integral first or 

^(/C) < /l (P(tI7), ^p(^)(fc)) + I 2 ) 

This show that there exist numbers M{d),N{k) € N, such that if a foliation T of 
degree d has a hipersurface invariant of degree k > M{d), then is either T possesses 
a rational integral first or the number of J^-invariants hypersurfaces of degree k is at 
most N{k). 

Henri Poincare studied in jP| the problem which, in the modern terminology, says: 
"Is it possible to decide if a holomorphic foliation T on the complex projective plane 

admits a rational first integral ?" Poincare observed that in order to solve this 
problem is sufficient to find a bound for the degree of the generic leaf of J-. In general, 
this is not possible, but doing some hypothesis we obtain an affirmative answer for this 
problem, which nowadays is known as Poincare Problem. This problem was treated 
by Cerveau and Lins Neto |CNj and by Carnicer |Ca| and the answer is provided the 
foliation or the curve are subjected to some conditions. Simple examples show that, 
when S" is a dicritical separatrix of the search for a positive solution to the problem 
is meaningless. The obstruction in this case was given by M. Brunella which in |B-lj 
observed that obstruction to the positive solution to Poincare problem is given by the 
GSV index. Meanwhile A. Lins Neto constructed, in [Nj some remarkable families 
of foliations on P^ providing counterexamples for this problem. We summarize the 
results obtained in |CNj , [Ca| and |MSj in the following theorem. 

Theorem 1.2. Let T a foliation on P^ and S a separatrix. We have that: 

i) deg{S) < deg{J-) + 2, if S is a non- dicritical or 

ii) if S is smooth them deg(S) < deg(J-) + 1. 

We obtain the following result: 

Theorem 1.3. (Poincare problem) Let T be a foliation on P(ci7o, tui, 1172) such that 
Sing{J-) n 5mg(P(n7o, n7i, -1172)) — and S a separatrix. We have that: 

i) if S is a non- dicritical separatrix, them deg{S) < deg{!F) + vja + vji + 072 — 1. 
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ii) if S is quasi-smooth them deg{S) < deg{J-) + zuq + zui + tu2 — 2. 



A hypersurface Y on P{w) is said quasi-smooth if the cone TT~^{'f) is smooth on 
C^+^yjO}. We calculate the number of singularities of a foliation, with multiplicities, 
contained in the invariant quasi-smooth hypersurfaces on P(n7o, . . . , n7„), generalizing 
the M. Soares's result IMSI. 



Theorem 1.4. Let J- be a foliation of degree d on P(n7o, . . . , Wn) with isolated singu- 
larities. If 'f is a quasi-smooth hypersurface on P(tno, . . . ,TUn) invariant by a foliation 
T , then 



peSm(J^)nr j=o Lfc=o 



{d-\y 



where and Uj is the j-th elementary symmetric function. 



Exemple 1.1. Let P(l, . . . , 1) = P" be and 'f a algebraic smooth hypersurface. Since 



have that 



n-1 



1=0 
n-1 



.k=0 ^ 



(rf- 1 



1 n — l — i 



i=0 



This is the M. Soares's result /MS] /. If deg{'V) = 1, it follows that 

E Iip{J') = d'^-^ + --- + d+l. 

2 Weighted projective space ¥{zuo, . . . , vjn) 

Let tJ7o , . . . , be integers > 1 and pairwise prime. Consider the C*-action on 
C"+i\{0} given by 

A • {zq, . . . , Zn) = (X^" Zq, . . . , X^" Zn), 

where A e C* and {zo,...,Zn) G C"+^\{0}. The quotient space P{ruo, ... ,Wn) = 
(C""'""'^\{0}/ ~), induced for the action above, is called weighted projective space of 
type {wq, . . . , zun). Some times we will use the notation ¥(zuq, . . . , n7„) := ¥(w). 

2.1 Orbifold structures of P(g7o, . . . , w„) 

Consider the opened Ui = {[zq : ■ ■ ■ : z„] G P(n7o, . . . , n7„); 7^ 0} C P(n7o, . . . , 'oun), 
with i = 0, 1, . . . , n. Let fi^- C C* the subgroup of ccjj-th roots of unity. We can define 
the homeomorphisms (pi : Ui — > C^/fj,^., given by 



0j([zo : • ■ • : Zn]) 
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where the symbol " A " means omission and (■)roi is a tUi-conjugacy class in C"//in 
with fi^. acting on C" by 

A - (zo,...,2„) = (A"''zo,...zl,...,A"^z2),A G /i^,-. 

Moreover, on (f)i{Ui DUj) C C"//^roi we have the transitions maps 

Zq Zo 1 Zn \ 



(f>i O 0. ^((Zl, . . . ,Z„)roJ = 



Z- -' ^3 Z- ^3 . 



We conclude that {(/)i,Z^i}"^g is a holomorphic atlas orbifold for P(n7o, . . . , Wn)- More- 
over, we have that {C",/iroi,7r ° 4'i\^=o is an n-dimensional uniformizing system of 
P(a7o, . . . ,n7„)- 

Since toq, . . . ,ti7„ are pairwise prime, the singular set of P(n7o, . . . ,'nt7„) are the 
following n + 1 points 

[1,0,...,0],[0,1,...,0],...,[0,...,0,1]. 

There exist other orbifold structure for P(n7o, . . . , Tn„). This one, is induced by the 
following action of the group (/x^o x • • • x ) on P" given by 

(^^^ X ••• x/x^J xP" P" 

((Aq, . . . , A), [zq, • • • , ^n]) ' > [Ao^O, ■ • • , ^n^n]- 

Now consider the map : P" — > P(ci7o, . . . , Wn) defined by ip{[za, . . . , z„]) = [z^", . . . , z 
We can see that (p induces a homeomorphism 

toq X • • • X ) > P(^37o , • . • , T^n ) • 

Therefore, we get that P(-ii7o, . . . ,'Ci7„) ~ P"/(/iroo x • • • x /iro„) is a orbifold structure 
given as global quotient. 

Remark 2.1. The degree of the map ip : P" — *■ ¥(-07) is equal the order of the group 
(Pt^o X • • • x i.e, deg{(p) = wq ■ ■ ■ Wn- For details see JA^. 



2.2 Toric structure of P(oto) • • • , ^n) 

Let w = {zuq, . . . , vjn} be the set of positive integers satisfying the condition gcd(wQ, . . . 
1 . Choose n + 1 vectors eo, . . . ,e„ in a n-dimensional real space V such that V is 
spanned by eo, . . . , e„ and there exists the linear relation 

eowo -I- • • ■ -I- e„n7„ = 0. 

Define the lattice N — (eo, . . . ,e„)z consisting of all integral linear combinations of 
Co, . . . , e„. Observe that N — V . Let S be the set of all possible simplicial cones 
in V generated by proper subsets of eo, . . . ,e„. Then S](n7) is a rational simplicial 
complete n-dimensional fan. 

We will show that The toric variety Xy,(^) associated to fan Yj{'uj) is isomorphic 
to V{w) = P(-n7o, . . . ,'cun)- For this, we shall use the construction due to D. Cox [C] , 
of toric variety as global quotient. 
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Let Pi, . . . , pr the one-dimensional cones of a fan E and e Z" denote the prim- 
itive element generator of fl Z". Then introduce variables z^, for i = 1, . . . , r, for 
each cone cr G E. We get the monomial 

2^ = n 

Hi fa 

which is the product of all variables not coming form edges of a. Then define Z — 
V{z"'; cr G S) C C. Now consider the group G C (C*)'" given by 

r 
i=l 

Theorem 2.1. 0/ If is a toric variety where ni, . . . , span R", then: 

i) is a universal categorical quotient (C" — Z)/G 

a) Xy: is a orbifold (C — Z)/G if and only if X^ is simplicial 

Now we return to the weighted projective space. Consider the toric variety Xs(ro) 
associated to the fan 'E{w) with the generators cq, . . . , e„ of the one-dimensional cone, 
with relation cq ~ — X]"=i 6i(ci7i/n7o). In this case we see that Z — V{zo, . . . , z„) — {0} 
and the group G is given by the relations 

tg ° ti = tg " t2 = ■ • ■ = t^ ° tn = 1 

If we shall take t ^ tf° we get G{m) = {{t"^" , . . . , i^") G (C*)"+i} ~ C*. Therefore, 
from theorem 12.11 we have that 

Xs(^)^(C")/G(n7)~PM. 

This show that the weighted projective space P{zu) is a complete simplicial toric variety. 

2.3 Q-line bundles of F{tuo, . . . , zUn) 

Let ^ G Q be, with gcd{r, d) = 1 and r > 0. Consider the C*-action ^ on C"+i\{0} x 
C given by 

C(d) : C* X C"+i\{0} X C — > C"+i\{0} X C 

" (A,(zo,...,z„),i) ^ ((A'^"«zo,...,A'^-"z„),A-''t). 

We denote quotient space induced by the action ^j-d-j by 

^F(^){d/r) (C"+i\{0} x C)/ ^ C(^)- 

The space &p(-cj){d/r) is a line orbibundle on P(n7). We shall describe the global 
holomorphic section of ^r(rx;){d/r), for d > 0. 

Proposition 2.1. Let P(ti7) P(n7o, . . . , vun), then 

"^0 ^0 H \-'^nkn — — 
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Proof. A global section of this line orbibundle is a linear combination of the monomials 
z*^ = Zq^ ■•■z^", invariants by the action C^^^, that is, C( d-j ([z, z'^]) = [z,z'^]. Using 
this action we obtain 

[(20 . . . , Zn), (4^ • • • 4")] = [{^"'^"Zo, V^-Zr,), X^"-or^^k,^^k, . . . )j 

= [(zo...,z„),A-''+2:r^o-.'=.(4i...^^.)]. 

Therefore X^iLo^^*^* ~ ti^nce the proposition follows. □ 

The orbibundles ^p(r^){d/r) can therefore be considered as elements of the rational 
Picard group of P(n7), that is, as Q-line bundles. Is possible to show that the Q-Picard 
group can be generated by ^p(ro)(ra7o . . . tu„), that is 

Ptc{X) Q := Pic{X)Q = Q ■ ^p(^)(tuo . . . w„). 

Remark 2.2. It is possible to show that i^p(ro)(l) — V'*(^P"(1))7 where ffpn[l) is a 
line bundle on PJ^. We Recall that nor always the pull-back of orbibundle is defined. 
For this to be possible the map, in question between orbifold, must to satisfies a certain 
condition of "goodness" . 

There exist a exact sequence of orbibundle on ¥{vj) similar the Euler's seguence 
on PJ?. 

Theorem 2.2. JM] Then there exist a exact sequence given by 

n 

^ C ^ e^^^) (w,) ^ TP{w) ^ 

4=0 

where C = V{w) x C is the trivial line orbibundle on ¥{w). 

Also, we shall call this sequence as Euler's sequence. The map ^ is given by <j(l) = 

{wqZo, . . . 

Definition 2.1. Let X be a n-dimensional compact complex orbifold with uniformizing 
system {(Ui,Gi,TTi)}i^A and lu G a n-form. The orbifold integral of lj on X is 
defined by 



orb Y r 



>x l^'l -^^^ 

where \Gi\ is the order of the group Gi. 

Remark 2.3. Let Ker{X) = {g G UieA ~ -^'^ ^ ^ ^"■^ ^reg 

X\{sing{X)}. Then 

1 



Ix #Ker{X) 
See ig/. 

Proposition 2.2. Let ^p(ro)(l) be the hyperplane bundle on V{vj), then 

corb -1 

ci(^pm(1))" = . 

, mo ■ ■ - T^n 
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Proof. From the definition of orbifold integral we have 

/orb -1 /" 

Since P(-n7o, ■ • ■ , ^n) — P"/ (/^ ) we conclude that 

n 

Kerinvo)) = f) = 
hence #Ker(P(ci7)) 1. On the other hand, since <^*(^p(j^)(l)) = we get 

r' ci(€?p(„(i)r = / ci(^pM(i)r = -\- j ci(^p.(i)r = — ^ — . 

Jp(ro) JP(ro)„g "■eg[^) Jp" -Too . . . n7„ 

The last equality follows from proposition l2.1l □ 

3 Q-line bundle on simplicial toric variety and inter- 
section number 

Let X be a normal toric variety. Since a Weil divisor is a cycle in X of real dimension 
2n — 2, we have a homomorphism 

^■.WiX)~^H2n^2iX,Z) 

which associates to each Weil divisor it's homology class. In other hand, there exist 
(see [H]) an isomorphism 

a : C{X) ^ Pic{X) 

between the group of classes of Cartier divisors and the Picard group. This one is the 
group of isomorphy classes of line bundles (or isomorphy classes of invertible sheaves) 
on X. By composition of a with the morphism ci : Pic{X) — > H^{X), we obtain a 
morphism denoted 

ci : C{X) — > H^{X). 

When X is smooth we have that ci{(?{D)) is the Poincare's dual of the cycle repre- 
sented by D G C{X). In general case, we cannot guarantee this, but we will see that 
is true if D is a divisors invariants by torus action. 

Let T be the torus which acts in X. Denote by C'^{X) and >V^(X), respectively, 
the groups of T- invariants divisors of Cartier and Weil, modulo equivalence of principal 
T-invariants divisors . 

Theorem 3.1. (BBFKf Let X be a compact toric variety, there exist a commutative 
diagram 

CiX) ^ W'^{X) 

H^{X,Z) H2n-2{X,Z) 

where the vertical isomorphism correspond to the morphisms ci and "d. 
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When X is simplicial we have Pic(X)Q ~ C'^{X) = Y^'^(X). Using these identifi- 
cations and temporizing the diagram of the theorem 13.11 by Q we have 



Pic{X)®Q ^ C'^{X)®<i 

i/2(X,Q) H2n-2{X^ 



Let X be a complete simplicial toric variety of two dimension and let I? be a 
Q-Cartier divisor on X . Then from theorem 13.11 we conclude that ci(€^(D)) is the 
Poincare's dual of the cycle represented by D. Therefore, we can extend the intersec- 
tion theory for rational coefficients. For instance, let D2 S W^(X) the intersection 
number is the rational number 

Di-D2 = (ci(^pi)) n ci(^p2)), [X]) e Q 

as well as in the case with integer coefficients. 

We will use the Poincare-Satake duality to express the number of intersection in 
terms of the orbifold integral. 

Proposition 3.1. Let X be a simplicial compact toric variety and Li, L2 G Pic{X) ® 
Q. Then 

forb 



noro 

Li • L2 = / ci(ii) Aci(i2)- 



Proof. Since X be a simplicial compact toric variety, then follows from theorem 12.11 
that X is a compact complex orbifold. Let H^^^i^X) be the cohomology group of i- 
forms on X (in orbifold's sence). We have the following Poincare's duality for orbifold 
showed by Satake in [S] which can be read as 



Hh^(X)®Hl-^^{X) 



orb 



a Arj I — > / a Arj. 

Ix 

It follows Form this duality that 

Li-L2 = (ci(^(ii)) n ci{^{L2)), [X]) - / ci(Li) A ci(L2) 



X 

□ 



Therefore, if Di,D2 G W^(X) we shall have the following formula 

port 

D,-D2= / ci(€?(A))Aci(^(i?2)). 
Jx 

In general, if X is a compact orbifold and Li, L2 G Pic{X) eg) Q we can define the 
intersection number using this formula. 

ExempleS.l. LetDi e ff°(P(ti7o, nji, ^2), ^(di)) andD2 £ ff°(P(tno, roi, tU2), ^(^2)) 
he. Follows from vrovosition \2.'2\ and \3.1\ that 



orb /*orb 7 7 

did2 



D, D2^ ci(^(di)) Aci(^(d2)) = / (did2) -01(^(1)) 

x Jx n7on7in72 



^2 
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Remark 3.1. Let {B^(0, ep), Gp, TTp} be an uniformizing system of X and Di,D2 G 
C{X) ® Q Q-Cartier divisors that have no common component. Let x £ Di n D2, 
f and g the lifting of the local equations for Di and D2, respectively. The orbifold 
intersection multiplicities is defined 



i-j\D,,D2)^j^-dimc-^^' 



\G.\ M/,.g)' 

where O^" C Oq is the sub-algebra local of the functions Gx -invariant and \Gx\ is the 
order of the group Gp. With the same arguments used in the case smooth we can show 
that 

xeDinD2 



4 Foliations on cyclic orbifold surfaces 

This section follows the ideas of M. Brunella in [B-2] . Let X be complex surface 
with isolated cyclic quotient singularities (orbifold), i.e, around each p S Sing{X) the 
surface is of the type 18^(0, ep)/Gp , where B^(0, £p) is a ball in and Gp is the cyclic 
group of order k generated by 

for suitable coprime positive integers fc, h with < h < k. Let Sing{X) — {pi, . . . ,ps} 
be and ki the order of pi , respectively. 

Exemple 4.1. Let P(t37o, tui, 1172) be the weighted projective space and fi^. C C* the 
subgroup of zui-th roots of unity. We saw in the section that {C^, /i^i , o 0i}f=o 
2-dimensional uniformizing system of ¥{11^0, zui, -002). That is, the weighted projective 
plane P(a7o, n7i, 072) is a cyclic orbifold surface. 

A foliation J-' on X is given by an open covering {Ui}i^\ of X and holomorphic 
vector fields -di e H^{Ui,TX\n.) with isolated zeroes such that 

Sing{di) n Sing{X) = 

and -di = gij ■ 'dj on hii H lAj for some non-vanishing holomorphic functions G 
0*{Ui r\Uj) . Therefore, the singular set of .F is the discrete subset of X\{Sing{X)} 
defined by 

Sing{T) = (J Sing{'di). 

Since Sing{T) fl Sing{X) — 0, the leaf of T through pi e Sing[X) is an orbifold 
in which pi is affected by the multiplicity ki. This local leaf on 18^(0, ei)/Gi' is of the 
form B{0,6i)/G^% where D(0,(5,) C C is a disk. In other words, on B2(0,e,)/&f' the 
foliation T is the quotient of the vertical or horizontal foliation on B^(0, e^), up to an 
equivariant biholomorphism. 

The functions gij form a multiplicative cocycle and define a holomorphic Q-line 
bundle Kjr on X, called canonical bundle of T. In fact, let be the canonical 
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bundle (or sheave) of ^\x^^g j where J^\x^^g is the restriction of fohation to smooth part 
of X. Take the direct image of iC^^ under the inclusion 

i : Xreg = X\Sing{X) X. 

Hence we have the sheave i^K'^^^ = Kjr on X which is not locally free at Pi € Sing{X), 
but its K-power K^'^ is, where k — l.c.m{ki, . . . ,ks), i.e, Kf-'^ is a line bundle. The 

vector field on 8^(0, e^) is not tj*^' -invariant but {■^)^'^ is. Indeed, since Q'[^ = 
ilp, ) have 

where kj = l.c.m{ki, . . . , ks)/kj G Z+. Moreover, the relations ■df'^ = 3ij '^f " allow us 
to construct a global holomorphic section of line bundle {TX^Kj^)®'^, i.e, a foliation IF 
on X is a global section of Q-line bundle TX®Kjr. Therefore the space of holomorphic 
foliations on X is given by 

H°{X, TX®K^) 

Also, we can define foliations using 1-forms. That is, a foliation can be defined by 
a collection of 1-forms ujj € {Uj ) with isolated zeros and such that 



oJi = /y • ujj on n Uj , fij e 0*x [U^ nUj). 



Again, the functions {fij} defines a Q-linc bundle Njr on X called normal bundle of 
T. By contraction to 2-forms we have that Kx — Hom{K^, Njr) ~ Kjr ® N'^. 

Let S" C X be a compact connected (possibly singular) curve, and suppose that 
each irreducible component of C is not invariant by F. For every p & S we can define 
an index tang{J-, S,p) which measure the tangency order of F with S at p. 

Take a neighborhood 1^(0, e^)/g^' and we lift F^^^^^^ ^^ygk:, and S n 1^(0, e,)/g^' 

on B^(0,ei). Let 'd be and /, respectively, the vector field and the local equation on 
B^(0, Ej) that define the lifting of F and S. Then we define the index by 

1 O^*'' 
tang{T, S,pi) — — ■ dinii 



where Oq' denotes the local algebra of germs of fimctions ^7^ ' -invariants on B^(0, e^). 
We then have the following formula 



tang{T, S) ~ Kjr ■ S + S ■ S, 
where tang{T, S) — '^p^stang{F , S,pi). See |B-lj and |B-2| . 



4.1 The orbifold Milnor number 

Let be a foliation on X and p e Sing{J-).Take an uniformized chart of p given by 
{B2(0, Ep), Gp, TTp}. Let V = P-^ + Q-^ be the vector field Gp-invariant on 8^(0, Cp) 
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which induce the Ufting 7r*(J^) of the fohation J- . The Orbifold Milnor's number is 
defined by 

where \Gp\ is the order of the group Gp. We say that p e Sing{J-) is non- degenerated 

h o^^ 
if (•^) = I7 i-e, when dimcjp^ = \Gp\. 

Proposition 4.1. Let T be a holomorphic foliation on X , then 

xeSin{3^) peSing{X) ^ ' ^'^ 

Proof. The proof follows in the same lines in the case smooth, and this one is proved 
in [B-lj . That is, we must to calculate the Chern class C2{TX (S) Kjr). Therefore, we 
get 

On the other hand, C2iTX ® if^) = Xorb{X) = XtopiX) ~ Y.peS^ng{x) (l " jkl) ' ° 

5 Foliations on weighted projective space 

A vector fields on C"+^ is called quasi- homogeneous of type (njo, . . . , rUn) and degree 
d if is of the form 

1=0 

where P^{X'^°zo, A"^"z„) = X'^'+'^-^P,{zo, Z2), for alH = 0, . . . , n. The foliation 
J-x induced by these vector fields is called quasi- homogeneous foliations. The linear 
vector fields 

d 



1=0 



is the infinitesimal generator of the C*-action on C"+^\{0} given by A ■ (zq, • ■ • , z„) = 
(A^^zo, . . . , A'^"2;„). Any quasi- homogeneous foliation Tx of type (ccjo, . . . , Wn) is 
preserved by this action. We shall explain this. If X has degree d we have 

A-X(2o,...,z2) = Ai-'^X(A-(zo,...,z„)), 

that is, if Cp is the leaf of J-x through p then X ■ Cp — C\.p. This means that the 
flow of vector field TZ^ takes leaves of Tx onto leaves of Tx, moreover, as you can see 
A • Sin{X) ~ Sing{X). Then we can conclude that A • J-x = O^x- Observe that when 
d—\ occurs X ■ Cp — Cp. 

This say us that a quasi-homogeneous foliation J^x of type (ccjq, . . . , n7„) can be 
projected on the fohation on ¥(wo, . . . ,Wn) via the projection map tt : C'^\{0} 
P(n7o, . . . , Wn)- We shall see that all foliations on P(tx7o, . . . , Wn) can be represented in 
"homogeneous" coordinates by a vector field quasi-homogeneous of type (tuo, . . . , ro„) 
and some degree d. 



12 



Mauri'cio Correa JR 



Definition 5.1. A holomorphic foliation T on P(n7) of degree d is a global holomorphic 
section of line orhihundle TF{vcr) 0'{d — 1). 

Tensorizing the Euler's sequence by ffr{zi7){d ~ 1) we shall have 

n 

^P(„) (rf - 1) ^ ^Pi^){d + TF{w) ^(d - 1), ^ 

therefore the space of holomorphic foliations on F{w) is 

pfO(pM,tpm ^ - 1)) c pffo fpM, + 

Then a foliation of degree d on P(tx') can be represented in homogeneous coordinates by 
a vector field quasi-homogeneous of type {wq, ■ • ■ , ^n) and degree d, modulo addition 
of a vector field of the form g ■ TZ^, where is a quasi- homogeneous polynomial of 
degree d — 1. 

The degree of a foliation on P(ti7o, wq, 072) is a number of tangency of .F with 
a generic element of the linear system i G H^{F{zuo,zuo,W2), ^{wo,wo,zu2))- In fact, 
we have that 

Tang{J^,h) = K^. 1 + 1-1= (^o^°^2)(rf - 1) ^ »^ ^ ^ 

W0WQW2 ZUo 11701^2 

5.1 Foliations on P(tz7o, tZ7i, G72) given by 1-forms 

Let = u7o + zui + W2 be. A foliation T on F{w) can be given by a section S 

Since /^p(^) = Kj.®N*^, Kj. = Op(^)(d- 1) and K^^) = 
we have that Nj^ = C'p(ro)(d+ — 1). Now, tensorizing the dual Euler's sequence by 
Ov(z!7){d+ — 1) we get the exact sequence 

n 

^ fii(^)0Op(^)(d+|ro|-l) ^ i^^^^^{d+\w\-Wi-l) Op(„)(d+|tu|-l) ^ 0. 

Therefore a foliation can be given in homogeneous coordinate by 1-form 

= A^dzo + Aidzi + A2dz2, 

where Ai is a quasi-homogcncous polynomial of the type (zug, wi, 1372) and degree 
d + \tu\ ~ Wi — 1, and i-n^ (fJ) = 0, i.c, vjoAqZq + wiAiZi + -1172^42 2:2 = 0. 

Exemple 5.1. Let f and g quasi-homogeneous polynomial of the type (njQ, roi, 1^2) 
and degree di and d2, respectively. The 1-form Cl{f,g) = difdg — d2gdf defines a 
foliation T on P(ti7) of degree. d\-\-d2 — Moreover, the rational function f^^ /g'^^ 

is a first integral for T . 

Exemple 5.2. (logarithmic foliations ) 

Let quasi-homogeneous polynomial of the type {■ujq,'uji,W2) and degrees 

di, . . . ,dk, respectively, with k > 3. Let Ai, . . . , Afc e C* be, such that Y^'li Xidi = 0. 
Define the 1-form given by 



_i Ji 
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Follows from the Euler's formula that — (/i ■ • • fk) ■ (^Yl=i ^i^ij — 0. There- 

fore, n define a foliation on P{w) of degree — 

6 The number of singularities with multipUcities 

We have the following formula for the number of singularities for a foliation on P(ti7o, . . . 
Theorem 6.1. Let J- a foliation on P(n7o, . . . jt^n) with isolated singularities. Then 



i=0 



.fe=o 



where Uj is the j-th elementary symmetric function. 
Proof. From the Euler's sequence we have that 



=(TP(tno, . . . , Wn)) = Y[{1 + Ci(^p(„)(n7,)))- 



Let ci(i^p(ro)(l)) — h be, then Ci(P(n7o, wi, 072) = cri(ci7o, tui, 1372) • h\ where ai is the 
i-th elementary symmetric function. Let S TP(ti7o, . . . , n7„) ® ffid— 1) be. It follows 
from intersection theory [F] that the Chern class c„(TP(i37o, . . . ,tu„) (g) ^?{d — 1)) is 
the intersection product between the graph of d and the graph of the null section, and 
each singularity p G Sing{T) gives a contribution equal to Hence, we get 

orb 

l^p'i^) = J c„(rP(n7o,...,n7„)® €?(d-l)) 



P(roo,...,tc„) 

TJ7o • ■ • Wn 



□ 



7 Extatic hypersurface 

Let F,G& H°{¥{w), ^P(^)(fc)) be. We have that Q{F, G) = § is a well defined ratio- 
nal function on P(-n7), i.e, it defines a rational function 8(F, G) : P(tx'o, ■ • ■ , Wn) --^ P- 
We say that a foliation T on P(tn) admits a rational first integral of degree k if there 
exist F, G G 7?°(P(ro), ^p(^)(fc)) such that X{Q[F, G)) = 0, where X is a vector fields 
that defines F in homogeneous coordinates. 

A finite dimensional linear system V on '¥{w) is the same as to consider a fi- 
nite dimensional linear space of quasi-homogeneous polynomials V in the variable 
z = (zo, ■■ - TZn). Suppose now that ^ is a finite dimensional linear system and let 
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vi, . . . ,V£ g C[zo, . . . , Zn] be a basis of V . Consider the matrix 

/ vi V2 ■■■ ve \ 

X{vi) X{v2) ••• X{v,) 



V X'-\v,) X'-\v2) 



The extactic of X associated to V is £{V,X) = det E(V,X), and the extactic 
hypersurface of X associated to V is the variety Z{£{V, X)). The concept of extactic 
divisor of on a complex manifold and its properties was introduced by J.V.Pereira [P]. 

The following result elucidate the role of the extactic variety. 

Proposition 7.1. Let Tx be a foliation on P(n7) induced in homogeneous coordinate 
by a vector fields X . Consider a linear system V on P{w) and {f — 0} a J- x -invariant 
hypersurface with f . Then f is a factor of £{V,X). Moreover, T admit a rational 
integral first if, and only if, £(V,X) ~ 0. 



Proof. This proposition it follows using the same ideas of Theorem 4.3 of [C-L-Pj . for 
the case of polynomial vector fields on . □ 



If / is a defining equation for an irreducible -invariant hypersurface, such that 
/ e F , its multiplicity is defined by the largest integer m such that divides EiV, X). 



8 Proofs 

8.1 Proof of theorem ll.il 

Let X be a vector fields on C"+^ that defines T in homogeneous coordinates and 
V = H'^{P{zu), ^p(^^'f{k)). Since J- does not admit a rational first integral then 
by proposition 17.11 we have that £{X, V) ^ 0. We shall determinate the degree of 
£{X, V) ^ 0. Expanding the determinant we get 

£{X,V)= J2 sgn{a)X°iv,^i^,^)X{v2.^2)) ■ ■ ■ X'^-^v,^^^^)), 

where 77 = h^{f'{w), &v{vj){k)) and is a base for V. We have that deg{X^ {vr)) = 

j{d — 1) + k, for all j = 0, . . . , 77. Indeed, let X = X]r=o ^^T^ Since Pi is quasi- 
homogeneous of degree d + Wi — I and deg (^^^^ — k — rui, we have that 

deg I Pi ■ j — deg(Pi) + deg ( j — d + w^ — 1 + k — Wi — d— 1 + k. 
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Therefore, inductively foUows that X^{vr) = j{d — 1) + fc. Hence 

j=0 ^ ^ 

I 2 1) + /i (P(n7),^P(„)(fc)) • fc. 

Let J/ik) be the number of hypersurfaces A'-invariant of degree fc. We have 

kJ/{k) < deg{E{X, V)). 

Hence we get 

k^{k) < deg(i?(X, V))=k- /i°(P(tn), (fc)) + (d - 1) . (^/^"(IPM,^^P(^)(fc)) 

From this we obtain the foUowing inequahty 

Now , if we suppose that ^{k)-h!^{^{w), ffv(^){k)) > (h"in^),er^„){ky)^^ ^ conclude 
that k<d-l. 

8.2 Proof of theorem [TTSl 

Part i): Let ^ be a holomorphic foliation on the complex surface X and S a non- 
dicritical separatrix . In this conditions M. Brunella in [B-l]|B-2] that 

Njr.S-S-S>0. (1) 

We have that ii:p(„^_^^^^2) T^®N^. Since = C'p(„)((i-1) and K^^^^^^^^^^^) = 
Cp(ro)(^'^o — n7i — 072) then Njr — Or(^){d + ti7o + 1x71+ T172 — 1). Hence 

^^'S{S){d + tup + tui + roa - 1) S ■ S = '^^^^^^^ 



By inequality (1) we get 

deg{SY ^ deg{S){d + vjq + tui + — 1) 

therefore deg{S) < deg{!F) + vj^ + 1371 + 1372 — 1. 

Part a) : If 5* is quasi-smooth follows from theorem II. 41 that 

^(^)= y = degjS) ■ ^'^^-^^ + ^0 + ^1 + ^2 - idegjS) + 1) 

peSm(J=')nS 
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On the other hand, we have that S O Sing{!F) ^ 0. In fact, foUows from Camacho-Sad 
index theorem [B-1] [B-2] , that 

Hence, we can to conclude that J^iT) > and this in turn impHes that 
deg{S) < deg{J-) + vgq + voi + W2 — 1. 



8.3 Proof of theorem 11.41 

Since 'V is quasi-smooth we have the adjunction formula My ~ ^p(ro) (~ deg('^))|^ , 
see |BGNj . On the other hand, we have the exact sequence of orbibundle 

Q-fTr ^ TV{vj)\^ ^ 7V^ ^ 0. 

Hence, it follows that c{Tf{uj)) = c(rr) - My = c(Tr) • c(^p(^)(deg(r))|„). Hence 

c,{Tr) = c,(p(ti7)) - c,_i(rr)ci(€?p(^)(deg(r))|^), 

and inductively we get 



c^(Tr) = 



^(-l)'=CT,_fe(n7o, . . . , Wn)deg(y)'' 



.k=0 



ci(^pm(1)u)^ 



Since Y is invariant by we have that J-^^^ is induced by a section -d of the orbibundle 
Tf (g) ^p(ro)(d — l)|y. As it was done in the proof of the theorem 16.11 we use the 
intersection theory for to conclude that the Chern class 



i=0 

is the intersection product between the graph of "i?!,^ and the graph of the null section, 
and each singularity p G Sing{J-) gives a contribution equal to fi°'^''{J-'). Thus 

orb 

c„_i(rr®^P(^)(d-i)i.j 



peSm(:^)nr 



orb 



J2 J c.(Tr)ci(^p(^)(d-l)|J 



n — \ — i 



n-l 

E 


i 

E(^l)'°o'i-fe(^o, • 


.,VJ^)deg{rf+^ 


{d-iy-^-' 




.k=0 







tUo • • • TUn 
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